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[B.4-1] Sheiretsky, K., S. Antonov. Some Approaches to Finding Solutions for Autonomous
Nonlinear Differential Equations. AMEE 2021, Sofia, 2022. Volume 2505.

Some Approaches to Finding Solutions for Autonomous
Nonlinear Differential Equations

Abstract. The paper proposes a modified method of harmonic balance, which seeks
a solution of nonlinear autonomous ordinary differential equations, which is an oscillating
motion. The approach used is based on the harmonic balance method in combination with
the small parameter method. The advantages of the proposed modification are that finding
the solution for the desired approximations on the small parameter is reduced to solving a
system of algebraic equations. Specific examples showing the effectiveness of this analytical
technique are also given.

Hsikon moaxoau 3a HaMUpaHe pelieHUs HA ABTOHOMHM
HeJIUHEeHHM AU epeHIMATHI YPABHECHU S

Pe3rome. B paGotara e mpemiokeH MOAU(pHULIMPAH METOJ Ha XapMOHMYHMS OajaHc,
Ype3 KOWTO Ce THhPCH pPEUICHWE HAa HEJIMHCHHW aBTOHOMHH OOMKHOBEHHW TU(EpPEHIINATHU
ypaBHEHUS, KOETO J1a TIPE/ICTABIISABA TPENTALIO NBMKEeHUE. V3mon3Banus moaxon ce 6a3upa Ha
METOJ Ha XapMOHWYHUS OaTaHC B KOMOMHAIMS ¢ METO Ha MaJIKus mapamersp. [lpeaumcrBara
Ha TIpeaioKeHaTa MomuUKalMg ca, Y€ HAMHPAHETO HAa pEHICHHETO 32 JHKEJTaHUTE
NpUOTIDKEHHS TI0 MaJKHUs TTapaMeThp, C€ CBEXJA 0 PEeIIeHHe Ha CHCTeMa OT ajareOpHIHH
ypaBHeHus. [locoyeHM ca M KOHKPETHH MpPHUMEpPH, IMOKa3Balld e(QEeKTHBHOCTTa HAa Tasd
AHAIUTUYHA TEXHUKA.



[B.4-2] Sheiretsky, K., S. Antonov. Modified Method for Describing Stationary Processes
Related to the Solutions of Non-Autonomous Differential Equations. AMEE 2021, Sofia, 2022.
Volume 2505.

Modified Method for Describing Stationary Processes
Related to the Solutions of Non-Autonomous Differential
Equations

Abstract. A modified variant of the harmonic balance method is presented, which uses
the presence of a small parameter in nonlinear, non-autonomous differential equations. It is
applicable in the telecommunications and the power engineering. The two variants of search
for nonresonant and resonant solution are considered. The method is demonstrated by several
examples representing each of the typical cases.

The aim of this work is to present a modified method of harmonic balance, through
which to find a solution of a non-autonomous - obviously time-dependent simple differential
equation, which would describe a stationary periodic or quasi-periodic process, applicable even
in the telecommunications and fluid dynamics. The proposed analytical technique uses the
advantages of the method of harmonic balance, which reduces the solution of the differential
equation to a system of algebraic equations. The presence of a small parameter in comparison
with the unit allows the required quantities to be decomposed in order according to this
parameter , as the corresponding approximations are also found by solving an algebraic system.
There are basically two cases - non-resonant and resonant. Each of these cases has different
mathematical difficulties and, accordingly, different ideas in the search for solutions. The
nonlinearity of the equation leads to a more complex form of the general solution compared to
the linear equations.

Moaupuuupas MeToJ 32 ONUCBAHE HA CTALMOHAPHU
NMPOLECH CBHP3aHU C PEHICHUATA HA HEABTOHOMHH
An@epeHuaTHU YPABHCHU S

Pe3iome. [IpencraBen e MoanpuIpaH BapuaHT HA METOJl HA XapMOHWUYHUS OalaHc,
KOHTO H3MO0J3Ba HAJIMYMETO HA MaJbK MapaMeTbp B HEIMHEWHH, HEABTOHOMHHU
nudepeHunaniy ypaBHeHus. Pasriienanu ca qBata BapHaHTa Ha ThPCEHE HAa HEPE30HAHCHO U
PE30HAHCHO pelIeHrEe. MeToIbT € AEMOHCTPUPAH UPE3 HAKOJIKO IIPUMEPA, IIPEACTaBALIN BCEKU
OT XapaKTEpHUTE CIy4aH.

Ilenta Ha Ta3zu paboTa € Ja ce mpeAcTaBd MOAM(UIMPAH METOJ Ha XapMOHUYHUS
OanaHc, upe3 KOHTO J1a ce HaMepH pelIeHHue Ha HEaBTOHOMHO — SIBHO 3aBHCEIIO OT BPEMETO
OOMKHOBEHO AM(EPEeHIMATHO YpaBHEHHE, KOETO Ja ONUCBA CTAllMOHAPEH MEPHOAMYEH WIIH
KBaszHIepuoanyeH nporec. [IpemnoxkenaTa aHAINTUYHA TEXHUKA W3II0JI3BA NIPEIAMCTBATa Ha
METO/1a Ha XapMOHHYHHS OaTaHC, KOWTO CBEX/Ia PEIICHUETO Ha TU()EPEHIINATHOTO YpaBHEHHE,
0 cucTteMa OT anreOpuyHu ypaBHeHHs. Hanmuunero Ha ManbK B CpaBHEHHE C €IMHHUIIATA
napaMeTsp, AaBa Bb3MOXHOCT, TBPCEHUTE BEJIMYMHH A ObIAT Pa3loXeHH B peja MO TO3U
napameTsp, KaTo CbOTBETHUTE NPUOIMKEHHS C€ HAMHPAT ChILO Ype3 pelllaBaHe Ha aaredpuyHa
CUCTEMA.



OCHOBHO BB3HHKBAT JIBa Clly4yasi — HEpE30HAHCEH U pe30HaHceH. Bceku OT Te3u citydan
MMa PA3NUYHA MATEMaTUYECKH TPYAHOCTH M CHOTBETHO PAa3JIMYHU HIEH B THPCEHETO Ha
pemenus. HenuHeHOCTTa HA ypaBHEHHETO BOJM JI0 MO-CJIOXKEH BUJ HA OOIIOTO pEIICHHUE, B
CpPaBHEHHUE C JINHEHHUTE ypaBHEHUS.

[B.4-3] Sheiretsky, K., Z. Tzenova. Small parameter method application to the energy integral
of an autonomous oscillating system. AMEE 2022, Sofia, 2023, Volume 2939, Issue 1.

Small parameter method application to the energy integral
of an autonomous oscillating system

Abstract. An asymptotic method applied directly to the energy integral of an autonomous
oscillating system is used. Using a formal method, the formulas for finding the zero and first
approximations are derived. Two cases of disturbing potentials, of the fourth and third
degree, respectively, are considered. The solution in the first approximation is found as a
power function of the solution in the zero approximation.

In this work, an autonomous oscillating system for which the energy integral is known, is
considered. The method of the small parameter in a way different from its classical application,
is used. Using a formal method, the energy integral for finding an approximate solution in the
order of the small parameter, is attacked directly. The calculations are limited to the first
approximation, which is often of the greatest practical importance.

N3noa3BaHe MeTO1a HA MAJIKHS TAPAMETHP, NPUI0KEH
KbM HHTErpajia Ha eHePrusiTa Ha ABTOHOMHA TPeNnTsIa
cucremMa

Pe3ome. M3mon3Ban € aCHMOTOTHYEH METO/I, TIPHJIOKEH TUPEKTHO KbM MHTErpasa Ha
EHeprusiTa Ha aBTOHOMHA TpenTsma cuctema. C HM3MOJI3BaHETO Ha (hopMalieH METOJ, ca
u3BelleHn (HOpMyIUTE 32 HaMHpaHEe Ha HYJIEBO M ITbPBO MpuOIKkeHue. Pasrnenanu ca jiBa
clly4asi Ha CMYIIaBallly MOTEHINAIH, ChOTBETHO OT YeTBBPTA M OT TpeTa cTeneH. Pemenunero B
OBPBO MPUONMIDKEHHWE C€ HaMHpa KaTo CTelNeHHa (QYHKIUS Ha PEIICHUETO B HYJIEBO
npuOIKEHHE.

B HacTosimara padora pasriexiamMe aBTOHOMHA TPENTSAIIa CHCTEMa, 33 KOSITO €
U3BECTeH eHepruitHus uHrerpai. llle u3mon3Bame MeToa Ha MaJKUs MapaMeThp MO Pa3IHYCH
OT KJlacM4yeckaTa My ynoTrpeba HaumH. IlocpencTBom ¢opmaneH MeETOA Ie aTaKyBame
JMPEKTHO MHTErpaja Ha EHEeprusTa 3a HaMHpaHe Ha MPUOIIKEHO PEIICHUE B PeJ 10 MaJIKHs
napaMeTsp. M3uncnenusaTa me orpaHuYUM JI0 IBPBO NPHONMKEHHE, KOSTO YeCTO MMa Haii-
rOJISIMO TPAKTUYECKO 3HAYCHUE.



[B.4-4] Sheiretsky, K., Z. Tzenova. Finding an approximate solution for a non-autonomous
dynamical system by direct using an asymptotic method to the energy expression. AMEE
2022, Sofia, 2023, Volume 2939, Issue 1.

Finding an Approximate Solution for a Non-Autonomous
Dynamical System by Direct Using an Asymptotic Method
to the Energy Expression

Abstract. A method for finding periodic solutions of a dynamic system subjected to
external periodic influence is presented. The solution is developed in series by a small
parameter. Expressions for the energy in the different approximations are obtained. Non-
resonant and resonant cases are considered. The solution in the first approximation is
constructed as a power function of the solution in the zero approximation.
Time-dependent dynamic systems are non-autonomous. Dynamic systems are considered,
the time-independent part of which may have periodic behavior. The addition of external
periodic perturbation also gives periodic decisions. Poincaré made a major contribution to
the existence and nature of such decisions. Usually, it is impossible to find the exact solution
for such systems. Therefore, approximate methods that use a small parameter (relative to 1)
are applied. This parameter participates in the mathematical structure of the system itself or
is related to the initial conditions. In general, the resulting series are not convergent, but for
a period of time that can be estimated, give a good approximation. The presence of external
periodic perturbations can also lead to resonance in the system. In terms of its nature, two
types are possible: powerful and parametric. Due to the way of setting the energy in this
work, only the case of powerful resonance is considered.

Hamupane npu6/mnxkeHo pelnieHue 3a HEABTOHOMHA
AUHAMMYHA CHCTEMA, Ype3 IMPEKTHO U3I0JI3BaHe HA
ACHUMINITOTHYEH METO/l KbM M3Pa3a 32 eHePrusiTa

Pe3tome. [IpencraBen e MeTo 1 32 HAMUPaHE Ha IEPUOJMYHU PEIICHUS Ha TUHAMHYHA CUCTEMA,
HO/I0KEHAa Ha BBHIIHO MEPHOANYHO BB3JeHCTBHE. PerieHneTo ce ThpcH B pea MO MabK
napaMeThp, KaTo ce U3BEKAAT M3pasH 3a SHEeprusirTa B Pa3IMYHUTE MPHOIVIKEHHS U Ce ThPCU
peurenrero. PasrnenaHn ca Hepe3OHAaHCEH M pPE30HAHCEH ciiydald. PemeHmero B mbpBO
npuONIMKEHHEe ce KOHCTPpyHpa Karo CTeleHHa (YHKIUS Ha pELICHHETO B HYJIEBO
npuOIKEHHE.

HeaBTOHOMHM ca 3aBHCENIM OT BPEMETO AWMHAMHYHH cUCTeMH. Hue pasriexmame
JUHAMUYHU CHUCTEMH, YHATO HE3aBHCEIIa OT BPEMETO YacT MOXKE Jla WMa NEepUOJHIHO
NOBEJICHNE, a JJOOABSIHETO Ha BBHIIHO MEPHOJNYHO CMYIICHHE CHIIO MOPAXKAa MePUOTMIHH
pemenns. OOMKHOBEHO HAMHUPAHETO HA TOYHO PEIICHHE 3a TAKMBA CUCTEMH € HEBH3MOXKHO,
3aToBa C€ TpWJIAraT MPUOIIKCHH METOAM, M3MOJI3BAIld MalbK B CPaBHEHHE C €IMHUIIATA
napameThp, KOMTO ydacTBa B MaTeMaTH4eckara CTpyKTypa Ha camara CHCTeMa WIH € CBbp3aH
¢ HavaHUTE ycioBus. [lomydenute peoBe Hail-00II0 HE ca CXOASAIIH, HO 3a TIEPHOJI OT BpeMe,
KOMTO MO’KE J1a ce OLEHH, JaBaT qo0po mpuOimkenne. HammaneTo Ha BHHIHA MEPUOIAYHA



nepTyp6au1/1${ MOXE a 1O0BCIC U 10 PE30HAHC B CUCTEMATA, KAaTO IO OTHOUICHMUE HA XapaKTEpa
MYy Ca Bb3MOXXHHU [Ba TUIIA: CUJIOB U ITapaMETPUICH. Hopazm Ha4yWHa Ha 3a/laBaHC Ha CHEPruAaTa
B KOHKpPETHATa 3a/ia4ya, KOsATO p€iiaBaMe, HUC pasriiCxkKiaMe caMo cnyqaﬁ Ha CHUJIOB PE€30HAHC.



[T.7-1] Sheiretsky, K., R. Shkevov, N. Erokhin. Mathematical aspects of the motion of an
equatorial satellite. Comptes Rendus De L’Academie Bulgare Des Sciences, 2017, 70(3), pp.
411-418.

Mathematical aspects of the motion of an equatorial
satellite

Abstract. The paper presents a study of the motion of an equatorial Earth satellite
subject to inflow friction forces. Asymptotic methods have been used to analyze the derived
equations. An approximate solution for the trajectory has been obtained, which has been used
to study the satellite’s motion around its centre of mass. The stationary points have been
determined and their stability examined.

MaTteMaTH4YeCKH aACIIEKTH HA IBUKEHHETO HA
CKBATOPHUAJICH CITbTHUK

Pe3ome. Cratusara mpejicTaBs W3CJIC/IBAaHE HA JIBXKCHHETO HA CKBATOPHAJICH 3EMCH
CIIBTHUK, TOJJIOKEH HA CHJIM HA TPUCHE HA BXOMSANIHNS NMOTOK. V3MoN3BaHM ca aCHMITTOTHIHH
METOJIM 33 aHAJM3 Ha TIOJYYCHHUTE ypaBHEHUs. [1oaydeHO € NpUOJIM3HTENTHO pENICHHE 3a
TPAaeKTOPHSTA, KOETO € M3IOJI3BAHO 3a H3CJICIBAHE Ha JIBUKCHUETO HA CITBTHHKA OKOJIO
IeHThbpa My Ha Macara. OmpeneieHd ca CTallMOHAPHUTE TOYKM W € W3CJIe[[BaHa TAXHATa
CTaOHMIIHOCT.

[I".7-2] Sheyretski, K. On Some Mathematical Aspects of Autonomous Differential Equations.
Economic Alternatives. Volume 25, Issue 1, Pages 149 — 153, 2019

ON SOME MATHEMATICAL ASPECTS OF
ANTONOMOUS DIFFERENTIAL EQUATIONS

Abstract. This article is meant to give a strict mathematical explanation about class
differential equations which are widely used in modeling of processes including economical
ones. In a concentrated form are presented the main guidelines of analytical approach in the
search of the periods of the periodic solutions. When finding the period of vibration under the
effect of perturbed potential is used non-standard approach. However the obtained results are
concerted to results which some well-known methods reveal.

The following article reveals analytical approach to class dynamic systems that could
be used in modeling of some economics processes. These types of differential equations are
well-studied in mathematics, but non-linearity makes the analytical approach complex.
Commonly, in order to get the result that we need, it is necessary to utilize unconventional
ideas, which makes it extremely difficult.



BbHPXY HAKOU MATEMATHUYECKHU ACIIEKTU
HA ABTOHOMHHUTE JUO®EPEHIINAJIHA
YPABHEHUSA

Pe3rome. Ta3u craTusi JaBa CTPOro MaTeMaTHYHO ONKMCAHHUE Ha Kiac AuQepeHInaTHu
YpaBHEHHS, KOUTO IIUPOKO CE€ W3MOJ3BAT MPH MOJEIMpaHE Ha MPOUECH, BKIIOYUTEIHO U
WKOHOMUYEeCKH. B KoHIeHTpupaHa Qopma ca TpeJCTaBeHH OCHOBHUTE HACOKH Ha
aHAJUTUYHUA TTOAXOJ MPU ThpPCEHE Ha MepHoandHH perieHus. [Ipu HamMupaHeTo Ha mepuoja
Ha TpenTeHUsATa MOJ JEeHCTBHE HAa CMYTEHHUS IMOTEHUHUAal € M3IMOJI3BaH MOAXOMA, KOUTO €
HECTaHJapTeH, HO TOJyYeHHUTE DPE3yJTaTH CE ChIJIACyBaT C PE3YJTAaTUTE 0 KOUTO BOJAT
HW3BECTHU METOIU.

PaboTaTta HsIMa 3a men Aa MOKake KOHKPETEH MAaTeMaTHYeCKH MOJET, a MPEACTaBs
AHAIUTUYCH MOJIX0J KbM KJIAC TMHAMUYHU CUCTEMH, JIO KOUTO OW MOTJIO JIa C€ U3IOJI3BAT MPH
MOJICIIMpaHe Ha HIKOWM MKOHOMMYECKH TporiecH. To3u Tun nudepeHINaTIHA ypaBHCHUS ca
mobpe u3ciieIBaHl B MaTEMAaTHUKATa, HO HETMHEHHOCTTA MMPaBy TPYACH aHATUTHYHUS TTOAXO/.
OOVKHOBEHO, 32 Jia ce MOJyYH HYXXHHsI OT Hac pe3yJTar, ce Hajara Jia ce JOCTUTHE JIO
HECTAaHAAPTHU UAECH, KOETO IIPaBHU U3KIIOUUTEITHO TPyAHA 3a4a4ara.

[I.7-3] Sheiretsky, K., S. Antonov. Criteria for the Existence of a Sustainable Limit Cycle.
Application of the Criteria in the First Approximation for the Van der Pol Equation. ICEST
2021, 2021, pp. 117-129.

Criteria for the Existence of a Sustainable Limit Cycle.
Application of the Criteria in the First Approximation for
the Van der Pol Equation

Abstract — The article proposes two criteria that the energy meets in order for the second-
order differential equation to have a limit cycle and to be stable. The criteria were applied to
establish the presence and stability of a limit cycle for the Van der Pol equation. Questions have
been asked to be clarified using the method presented.

We use an approach that involves researching of the energy integral. Two criteria have been
proposed to ensure the existence of a limit cycle, but the method remains to be developed, as a
constructive approach must be made to establish the stability of the cycle using only low-rank
approximations in the asymptotic solution. From this point of view, the criteria are applied in
concrete terms only for the first approximation of the Van der Pol equation, and it is shown
how an analytical description of the cycle can be obtained at using the energy integral.

Kputepuu 3a chliecTByBaHe HA YCTOMYMB IPAHUYEH
uMKbJI. IIpuiarane Ha Kpurepuure B IbPBO
npudanKeHne 3a ypapuenue Ha Ban gep Ioa



Pe3rome. B craTusiTa ca IpeaioKeHH 1Ba KPUTEPHUs, HA KOUTO OTrOBaps €HEPrusTa, 3a
Ja MOXKe TU(EpEHINATHOTO YpaBHEHHE OT BTOPH pei Jla UMa TpaHUYeH IUKBI U TOH Ja e
ycToiunB. Kpurepuure ca NMPWIOKEHW 3a YCTAaHOBSIBAHE HAJIWYMETO W YCTOMYMBOCTTA Ha
I'paHUYEH IUKBJI 3a ypaBHeHue Ha Ban nep Ilon. [locraBenu ca BeIpocH, KOUTO MPEACTOAT J1a
ObaaT U3ACHEHU OCPEACTBOM MPEICTABEHUS] METO]
W3noin3BaH € Noaxoi, KOWTO € CBbP3aH C U3CIIeBaHE UHTErpaja Ha eHeprusara. [Ipennoxenu
ca JIBa KpUTepus, KOUTO TpsiOBa Ja rapaHTUpaT CHIIECTBYBAHETO HAa I'PaHUYEH IMKBJ, HO
METOABT NPeACTOU 1a ObJie Pa3BUT, Thil KaTo TpsOBa Aa ce HalpaBH KOHCTPYKTHUBEH MOIXO],
gype3 KOWTO Ja c€ YCTaHOBsBAa YCTOWYMBOCT HA LHUKBJIA C M3IOJI3BaHE CaMO Ha HHCIIU
OpUOIIDKEHUsT B aCUMITOTUYHOTO pemieHue. OT Ta3u IJelHa TOYKa, KPUTEpUHUTE ca
NPWIOKEHH B KOHKPETHKA CaMo 3a IbPBO NMpHOIMKEHHE Ha ypaBHeHueTo Ha Ban nep Ilou,
KaTo € II0Ka3aHO M KaK MOXKE Jla CE CTUTHE 10 aHAJIUTUYHO ONMCAHME Ha LUKBJA KaTo CE
U3I10JI3Ba MHTErpaja Ha EHeprysTa.

[I".7-4] Sheiretsky, K., S. Antonov. Formal Method for Finding Asymptotic Approximations.
ICEST 2021, 2021, pp. 217-219.

Formal Method for Finding Asymptotic Approximations

Abstract — A method is presented in which, through formal procedures, we can find the
desired approximation in the decomposition of functions, differential equations and integral
equations into asymptotic series. With this method we get only the approximation we are
interested in. An "asymptotic bracket" has been introduced, the rules by which it is used have
been defined and specific examples of its application have been given.

dopmaJjieH MeTO/l 32 HAMHPAHE HA ACUMIITOTUYHH
NPUOIHKEHU S

Pe3rome. IlpencraBen e meTos, mpu KOHTO, upe3 GpopMaiHu NPOLESYpPU MOXKE Ja ce
HaMepH >KeJaHOTO OT Hac NpUOIIKEHWE MpH pasiaraHe Ha (QyHKIMH, JudepeHLIualTHu
ypaBHEHHUS U UHTErpaJIHU YpaBHEHHs B aCUMNTOTUYHHU penose. [Ipu To3u MeTox ce nomyyasa
caMO MHTEpeCyBaIlloTO HU NpubmkeHe. Boeenena e ,,acuMnToTHYHa ckoba®, onpeeeHu ca
IpaBuIIaTa 1o KOUTO TSI C€ M3I0JI3BA U ca AaJJeHU KOHKPETHH MPUMEPH 3a MPUI0KEHUETO .

[[.7-5] Sheyretski, K. INVESTIGATION OF THE MOTION OF A SATELLITE,
ACCORDING TO GENERAL THEORY OF RELATIVITY, Aerospace Research in Bulgaria,
Volume 33, Sofia, 2021, pp. 25-30.



Investigation of the Motion of a Satellite, According to
General Theory of Relativity

Abstract: In this paper we investigate the energy integral which is obtained in the
problem of the motion of a material point in a central field within the frame of the general theory
of relativity. Applied are the method of the small parameter in a combination with the balance
method. Derived is a compact formula, describing the trajectory of the motion. This formula
gives a correct quantitative description of the basic relativistic effects. We prove the shortening
of the major axis of the orbit in comparison with the case where we do not take into account
relativistic effects. This result can be useful for analysing the structure of planet systems around
massive stars.

N3caenBane IBHKEHUETO HA CITbTHHK, ChIJIAaCHO O01a
TEOPHUS HA OTHOCUTEJTHOCTTA

Pesrome. B cratusta ce m3cinenBa MHTErpaja Ha €HEPIUsATa, KOWTO ce€ I0JIydaBa B
3aadaTa 3a JABIDKCHHE Ha MaTepHaliHa TOYKa B IIEHTPAIHO moje crpsmo OOma Teopus Ha
OTHOCUTENHOCTTA. [IpritokeHn ca METOJ] Ha MaJIKWs MapaMeThp B KOMOMHAIHMSA C METOJ Ha
XxapMOHMYHMA OanmaHc. M3BengeHa e kommakTHa ¢opMyna, ONMCBalla TpaeKTOpHATa Ha
newxkeHne. opmynaTa 1aBa MpaBUIIHO KOJMYECTBEHO ONMCAHNE HA OCHOBHUTE PEIAaTUBUCTKH
edexTH. JlokazaHO € CKbCSBaHE Ha IVIaBHATa MOJYOC Ha OopOUTaTa, B CPaBHEHHME ChC CIIydyas
KOTaTO HE C€ OTYMTAT PEJaTUBUCTKHUTE ePeKTH. TOo3u pe3ynTat Moxe aa ObJe MOJIe3eH MpU
aHaJIM3UpaHe CTPYKTypaTa Ha IUNIAHETHU CUCTEMHM, 00pa3yBaHU OKOJIO MACUBHHM 3BE3/IU.

[T.7-6] N. Zolnikova, R. Shkevov, N. Erokhin, L. Mikhailovskaya, K. Sheiretsky, H. Nikolov.
Climate Change: Numerical Simulations of Tropical Cyclones Behavior in the Context of the
Global Warming. 11-th Congress of the Balkan Geophysical Society BGS 2021, 2021.

Climate Change: Numerical Simulations of Tropical
Cyclones Behavior in the Context of the Global Warming

Abstract. The climate change and especially the global warming environment in recent
years bring many questions related to the numerous disasters caused by tropical cyclones (TC).
The numerical study of the regional cyclogenesis dynamics based on a low parametric nonlinear
model (LPNM) is continued. The model uses a system of coupled nonlinear differential
equations for the maximum wind velocity and ocean surface temperature in the TC zone. Within
the framework of LPNM, the generation of four powerful atmospheric vortexes with a diverse
temporal dynamics during the active season in a specific area is considered. The TCs in the
nonstationary background environment with lifetimes 7 - 16 days are obtained. In simulations



the variability of the wind velocity and ocean’s surface temperature, as well as other effective
sources of disturbances were taken into account. In the context of the global warming, the
numerical calculations show TCs amplification, when the ocean surface is heated up to 0.5°C -
1°C. Therefore, maximum wind velocity in RLSTC increases sharply, the duration of the
development stage also increases and the TCs move to a higher category. These facts coincide
with the results received from LPNM simulations, recent registered meteorological data and
environmental observations.

KinumaTtuunu npomenu: YuciaeHu cumyaanuu Ha
NMOBEJACHUETO HA TPONUYECKUTE HUKJIOHU B KOHTEKCTA HA
rJ100aJIHOTO 3aTOIJISIHE

Pe3rome. KnumaTuunute npomMeHn 1 0cOO€HO IT00ATHOTO 3aTOIUISIHE IIPE3 MOCIETHUTE
TOJUHH TOBIUTAaT MHOTO BBIIPOCH, CBBP3aHH C MHOTOOpPOMHHTE OEICTBUS, NPUYMHEHH OT
tponmueckn nukioHu (TLL). IlpogpmkaBa YHCIEHOTO HW3CleJBaHE HAa IJUHAMHMKATa Ha
peruoHaiHaTa IMKJIOreHe3a, 0a3supaHo Ha HUCKomapameTpudeH HenuHeeH monena (LPNM).
MopenrsT HW3MOJI3Ba CHUCTEMa OT CBBbpP3aHU HEIWHEWHW IU(EpeHIMATHA YpaBHEHHS 32
MaKCHMaJHaTa CKOPOCT Ha BIATHPA M TeMIIepaTypara Ha OKeaHCKaTa MOBBPXHOCT B 30HATA HA
TL. B pamkute Ha LPNM ce pasriesxaa reHepupaHeTo Ha YeTHPH MOIIHU aTMOC(EpHHI BUXbpa
¢ pazHOOOpa3Ha BpeMeBa IMHAMHKA M0 BpeMe Ha aKTUBHHS CE30H B ONpeesieHa 00IacT.

[Mony4enu ca rpormueckute 1ukionu (T1l) B HecranmonapuaTa oHOBA Cpea ¢ BpeMe
Ha %uBOT 7 - 16 nuu. Ilpu cumynanuure € B3eTa IpeJBU IPOMEHINBOCTTA Ha CKOPOCTTa Ha
BATHpA U TeMIlepaTypaTa Ha HOBbPXHOCTTA Ha OK€aHa, KaKTO U APYTH €(PEeKTUBHU U3TOUHUIIH
Ha cMylleHHd. B KoHTekcTa Ha II0OalHOTO 3aTOIUISHE, YMCICHUTE M3UUCICHHS IOKa3BaT
ycunBane Ha TLl, koraTo moBbpxHOCTTa Ha okeaHa ce HarpsBa 10 0.5°C - 1°C. CaenoBaresnHo,
MakcuMmaiHara ckopocT Ha BiTbpa B RLSTC ce yBennuaBa psi3k0, MPOABIKUTEIIHOCTTa Ha
eTarna Ha pa3BUTHE ChILO ce yBenuyasa 1 TL[ npemunaBat B mo-Bucoka kareropus. Te3u paktu
ChBIAJAT C pe3yiaTaTure, noiydeHu or LPNM cumynanmu, CKOpPOIIHM PETUCTPHUPaHU
METEOPOJIOTHYHH JJaHHU U HAOJII0IeHHs HAa OKOJIHATa Cpefia.

[I".7-7] Sheiretsky, K., S. Antonov. SOME APPROACHES TO FINDING ANALYTICAL
FORM OF LIMIT CYCLES. CEMA 2022, 2022, pp. 1-4.

Some Approaches to Finding Analytical Form of Limit
Cycles

Abstract: A variant of the harmonic balance method is presented for finding a solution to
limit cycle systems. It is shown how the solution can be constructed using the presence of a
small parameter in the equation and in the absence of such a parameter. One way to prove loop
stability is considered.



Hsixou moaxoau 3a HaMUpaHe aHAJIUTHYHA (popma Ha
TPAHUYHU HUKJIHA

Pe3srome. HpeﬂCTaBeH € BApHUAHT Ha MCTOA HAa XapMOHHWYHHSA 6anch, 34 HaMHUpaHC
PCHICHHUEC HA CUCTEMU C I'PAaHUYCH LHUKDBJI. ITokazano €, KaK MOJKC J1a CC KOHCTpYyHUpa pCUICHUECTO
IIpHU U3M0JI3Ba HAJIMYMETO HAa MAJIBK INAapaMCThp B YPaBHCHUCTO U IIPU OTCHCTBHUEC HA TaKbB
napamMeTsbp. Pasrnenan e ennH HauMH 3a JOKa3BaHE yCTOfI‘II/IBOCT Ha UKbJIA.

[I'.7-8] Sheiretsky, K., S. Antonov. ON SOME CASES OF USING THE SMALL
PARAMETER METHOD FOR FINDING PERIODIC SOLUTIONS. CEMA 2022, 2022, pp.
5-7.

On Some Cases of Using the Small Parameter Method for
Finding Periodic Solutions

Abstract: A modified small parameter method is presented in which the zeroth

approximation solution is used to construct the first approximation solution. Simple but
practically important differential equations, respectively autonomously and non-autonomously,
are considered, showing the application of the method. In the non-autonomous equation, the
non-resonant and resonant case are discussed.
In the case of nonlinear differential equations, the presence of a small parameter allows to
search for a periodic solution in asymptotic order by the powers of this parameter. Usually, such
a parameter is embedded in the structure of the equation itself, for example, it can be multiplied
before the perturbing term. We will consider a case in which we will look for the decomposition
of the solution in order of the degrees of the amplitude. Such an approach can easily be set by
a small deviation initial condition for the autonomous differential equation. In the non-
autonomous equation, for the non-resonant case, the amplitude will depend on the periodic
effect on the oscillator, and if we choose it to have a small amplitude, we will again ensure
correctness of the problem. At resonance, the amplitude increases significantly and the
asymptotic expansion must be done for a small parameter involved in the structure of the
equation. In constructing the asymptotic series itself, we choose the first approximation terms
to be a power function of zero approximation.

BbpXy HSKOU CJIy4au Ha U3M0JI3BaHe HA MeTOa HA
MAJIKHA NapaMeThp 32 HAMUPaHe HA NePUOTUIHHI
peuieHust

Pe3srome: IlpencraBeH e MoauduuupaH MeTOJ Ha MaJKHs MapaMeThp, HpU KOHTO
PELICHUETO B HYJIEBO NMPUOJIMKEHUE CE M3I0JI3BA 3a KOHCTPYHpPAHE Ha PEIIEHHETO B IbPBO



npubmKeHne. Pasriesanu ca mpocTy, HO BaKHU 3a MPAaKTHKATa AU(EpEHINaTIHA YpaBHEHUS,
CHOTBETHO AaBTOHOMHO W HEAaBTOHOMHO, TIIOKa3Ballll MPWIOKEHHETO Ha Meroxa. llpm
HEaBTOHOMHOTO YpaBHEHHUE C€ IUCKYTHUPA HEPE3OHAHCHUS U PE30HAHCHHS CITydail.

[lpn HenuHeWHHMTE IU(EPECHIMATHN YpaBHEHUs, HAJMYMETO HAa MalbK MapameThbp
HI03BOJISIBA []a C€ MOTHPCU MEPHOIUYHO PEIIeHHE B CHMITOTHYEH PEJI IO CTETICHUTE Ha TO3U
napaMeTbp. OOMKHOBEHO TaKbB MApaMEThP € 3aJ0KEH B CTPYKTypaTa Ha CaMOTO ypaBHEHHE,
KaTO HamlpHMep MOKe Aa ObJie YMHOXEH IpeJ nepTypOupamius wieH. Pasrinexxaame ciyvai,
P KOMTO, pa3lIoKEHUETO Ha PEIICHHETO IIe TOTHPCUM B peJl 110 CTEIICHUTE Ha aMILUIUTYIaTa.
TakbB MOX0/ MOXE JIECHO J1a Ob/Ie 33/1a1eH Upe3 HaYaJHO YCIOBHUE 332 MAJKO OTKIOHEHHE OT
PaBHOBECHOTO IOJIOKEHUE 32 aBTOHOMHOTO TU(epeHIHanHo ypasHenue. [Ipu HeaBTOHOMHOTO
ypaBHEHHE, 3a HEPE30HAHCHHS ClIyyail aMIUIMTyJara IIe 3aBUCH OT MEepHUOAUYHOTO
BB3JICHCTBIE BBPXY OCHMIIATOpA M aKO MoJ0epeM TO Ja MMa MajKa aMIUIMTY/a, OTHOBO e
OCUTYpHM KOPEKTHOCT Ha 3ajadaTa. [Ipu pe3oHaHC aMIUIMTyJgaTa HapacTBa 3HAYUTEIHO U
ACHMITTOTUYHOTO PA3NIOKEHHE TPsAOBa Ja Ce HAaNpaBU MO0 MAIBK TMapaMeThp y4YacTBall B
CTpYKTypaTa Ha ypaBHeHHETO. [Ipr KOHCTpyHpaHETO HA CaMHsI aCHMITTOTHYECH Pell, YWICHOBETE
Ha TBPBO NpPUONIDKEHHE NoAOMpaMe Taka, 4Ye Ja ca CTerneHHa (QYHKIUS Ha HYJIEBO
NpUOIIDKEHHE.

[I".7-9] Sheiretsky, K., S. Antonov. Method of Exponentially Varying Amplitudes for Finding
Periodic Solutions of Autonomous Equations. ICEST 2023, 2023, pp. 265-266.

Method of Exponentially Varying Amplitudes for Finding
Periodic Solutions of Autonomous Equation

Abstract — A method derived based on the small parameter method is presented, which can
describe not only the steady state corresponding to oscillating motion, but also the transient
process. The nonlinear equation is reduced to solving linear differential equations, the solution
of which is known and easily found. The dependence of the solution on the initial conditions is
found by factoring in the amplitude and phase of the solution. This paper can help in solving
problems in wireless and optical communications.

The cited methods are based on an integration averaging process. The method presented in
the work makes it possible to extend the scope of the small parameter method and its variant
the energy balance method by introducing an exponentially changing amplitude, which leads
to the consideration of the transient process when the initial conditions are close to the
stationary point of the periodic solution.

MeTox HAa €eKCIIOHEHIMAJIHO U3MEHAIIH C€ AMILIMTY/IU 32
HAMHPaHe NePUOJINYHU PEIICHUS HA ABTOHOMHU
YPABHEHMSI

Pe3tome. IlpeacraBen e meroa, u3BeaeH Ha 0a3aTa Ha METOJ HAa MaJIKUs MapaMeThbp,
KOWTO MOXE J]a OIMCBAa HE CaMO CTAlMOHAPHOTO CBHCTOSTHUE, CHOTBETCTBAIO HA TPEMNTSIIIO
JIBIKEHWE, HO M Ha TIPEXOHUSA Nporec. HemMHEeHHOTO ypaBHEHNE ce CBEXKa 10 pellaBaHe Ha
TMHEHHN Tu(epeHINATHA YPaBHEHHS, PEIICHUETO Ha KOUTO € N3BECTHO U C€ HaMHpa JIECHO.



3aBHCUMOCTTa Ha PEIICHHETO OT HAYaJHWTE YCJOBHS C€ HaMHUpa 4ype3 pa3jiaraHe B pel Ha
amIIuTyaTa u (azaTa Ha peIIeHHETO.

[MpencraBenus B paboTaTa METO]] 1aBa BH3MOXKHOCT Ja C€ pa3mupu 00XBaTa Ha METO]]
Ha MaJKHs MapaMeTbp M HEroBaTa pa3HOBUAHOCT METOJ Ha €HEpruiHus OanaHc, KaTo ce
BbBEJ/Ie EKCIIOHEHIIMATHO U3MEHSAIIA Ce aMIUIUTYAA, KOSATO BOAU 10 OTYUTAHE HA MPEXOIHUS
IpoLec, KOraTo HayaJlHUTE YCJIOBHS ca OJM30 0 CTallMOHApHATa TOYKA HA MEPUOJUYHOTO
pelIeHue.

[I".7-10] Sheiretsky, K., S. Antonov. Extremal Properties of a Functional Dependent on a
Small Parameter. ICEST 2024, 2024, Code 202084.

Extremal Properties of a Functional Dependent on a Small
Parameter

Abstract — In the work, an asymptotic order decomposition is made for a small parameter of
a functional, up to and including the second degree of the parameter. The conditions for
extremity of the obtained asymptotic series representing the integral are derived. Up to this
accuracy, the method can be represented as a generalization of the variational method for the
study of functionals.

In the presented work, on the one hand, an asymptotic expansion of a functional with fixed
ends is obtained, with accuracy up to terms of the second degree by the powers of the small
parameter inclusive, and on the other hand, in accordance with the principles of the calculus of
variations, the conditions are presented where this decomposition has extremal properties. This
decomposition can also be used for other purposes, including the analysis of functionals
depending on a small parameter, and here we have stopped only to solve one problem - finding
extreme solutions.

ExcrpeMajinu cBOMCTBA HA QYHKIMOHAJ 3aBHCeL OT
MaJbK HapaMeTbp

Pe3rome. B paborata e HampaBeHO paszjaraHe B ACHMITOTHYEH peI IO MalIbK
napamMeTsp Ha (yHKIIMOHAJ, 0 BTOpaTa CTEIEH 10 MapaMeThpa BKIIOYUTETHO. V3Benenu ca
YCIJIOBUATA 32 €KCTPEMAJIHOCT Ha MOIY4YE€HUsI aCUMIITOTHYEH el NpeAcTaBsl uHTerpana. o
Ta3u TOYHOCT METOABT MOXKeE Jia Ce MPEACTaBH KaTo 0000IIEeHNEe HAa BapHALIMOHHUS METOJ 3a
u3clie/IBaHe Ha (PyHKIIMOHAIIH.

B npencraBenata pabota, OT eHa CTpaHa € MOJy4YeHO aCUMITOTUYHO pa3jlaraHe Ha
(YHKLMOHA ChC 3aKpENeH! Kpaullia, ¢ TOYHOCT JI0 WICHOBE OT BTOpaTa CTEIEH 110 CTEIICHUTE
Ha MaJIKUs IapaMeThp BKIOYHUTEIHO, & OT APYyra B ChIVIACKE C IPUHLIMIINTE HA BAPUALUOHHOTO
CMsTaHE ca IPEJCTABEHH YCIOBHATA IIPH KOUTO TOBA pa3jlaraHe MMa €KCTPEMaJIHHU CBOWCTBA.
ToBa pa3narane Moxe J1a ce M3M10JI3BA U 3a IPYTH LIeJIN, BKIIFOUBAIIM aHAJIN3a Ha (YHKLIMOHAIIH,
3aBUCEIM OT MabK IIapaMeThp, KaTO TyK CME€ C€ CIPEIM CaMO Ha pellaBaHETO Ha €IHH
npoOsieM — HaMUPAHETO Ha €KCTPEMAJIHU PEeIIECHUs.



[I".7-11] Sheiretsky, K., S. Antonov. Evaluation of the Asymptotic Expansion of a Numerical
Function. ICEST 2024, 2024, Code 202084.

Evaluation of the Asymptotic Expansion of a Numerical
Function

Abstract — An asymptotic expansion to second order of a numerical function dependent on a
parameter small in modulus compared to unity is made. A formula for evaluating the residual
term is derived. The method can be widely used to evaluate the accuracy of solutions of
nonlinear algebraic equations, and also in the study of derived asymptotic series of functions
with a time-dependent argument.

Often, the approximate solution of nonlinear algebraic equations is needed to solve practical
problems. Asymptotic methods are widely used for the analytical study of the results. In such a
case, non-matching rows are generally used. The question of the accuracy of the obtained
solution and its limits of applicability is complex and requires time-consuming mathematical
calculations. In the paper, a method is proposed which is based on order estimation according
to Rolle's theorem for mean values, but with the assumption that the classical theorem holds for
fulfillment of the conditions up to a certain order of decomposition.

OuneHka Ha aCUMITOTUYHOTO PA3JiaraHe Ha YUCJI0BA
pyHkuus

Pe3ome. HanpaBeHo € acHMIITOTHYHO pas3iarane 0 BTOPH pel Ha YHCIoBa (HyHKINS,
3aBHCEIa OT MaJIbK 110 MOJyJI B CPaBHEHHUE C eAMHUIIATa TapaMeTsp. M3Benena e popmyrna 3a
OLIEHKA Ha OCTaTh4YHMA WieH. MeTOabT MOJKE J1a C€ U3I0JI3Ba IIMPOKO 32 OLIEHKA Ha TOYHOCTTA
Ha pellCHUATa Ha HeJIMHEWHU anreOpuyHu ypaBHEHMS, a ChILO U IIPU U3y4YaBaHEe HA MOJTY4YEHU
ACHMIITOTUYHH PEI0BE HA (PYHKIMH C apIyMEHT 3aBUCEI OT BPEMETO.

YecTo 3a pelraBaHe Ha MPAKTHMYECKH 33Ja4H € HEOOXOIUMO NMPUOIMKEHOTO pelleHNne
Ha HeJTMHEHHH anreOpuaHu ypaBHeHUs. [1IMpoko N3M0I3BaHH ¢ e aHATUTHYHOTO U3CIIEeIBAaHE
Ha pe3yNTaTUTE Ca ACHMITOTUYHUTE METOU. B TakbB ciydaii ce n3moia3BaT B oOMmIMs CiTydai
HECXOZSIN pelloBe. BpIpockT 3a TOUHOCTTA Ha IOJIYYEHOTO PELIEHHE M TPaHULIUTE My Ha
NPWIOKUMOCT € CIIOKEH U M3UCKBA TPYNOEMKHM MaTeMaTHYecKH u3uucieHus. B paborara e
MIPEIIOKEH METOJI, KOMTO CE OCHOBaBa Ha OLIEHKA Ha pefia ChIVIACHO Teopemara Ha Jlarpamk
32 CpPEIHHUTE CTOMHOCTH, HO C IIPEIOJOKEHHETO, Y€ KJacuueckaTra TeopeMa BaKU 3a
M3ITBJIHEHNE Ha YCIIOBUATA 10 ONIPENEIIEH Pell Ha pa3iaraHe.

[I.7-12] Shkevov. R. , Zolnikova, N. , Mikhailovskaya L., Sheiretsky K.
Remote Mesoscale Vortexes Analysis for the Cyclone Daniel Periphery. ICEST 2025, 2025,
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Remote Mesoscale Vortexes Analysis for the Cyclone
Daniel Periphery

Abstract — An evolution analysis based on numerical calculations and Earth remote
satellite images of a mesoscale vortex in the periphery of the Mediterranean cyclone Daniel was
made. The numerical simulations on low-parametric nonlinear model of tropical cyclogenesis
were conducted. Satellite radar images areas with extreme values of precipitation density are
presented.

AHAJIN3 HA OTJAJICYEHU Me30MAAOHN BUXPH 32
nepudepusara Ha HUKIOHA JaHuen

Pe3ome — HampaBeH € €BOJIOIMOHEH aHauN3, 0a3upaH HAa YUCICHH W3YMCICHUS U
OTIaNiCYeHN CaTeIUTHU W300paKeHHWss Ha Me3omamabeH  BHXBpP B mnepudepusara Ha
cpeauseMHOMOpCKkus LWKIOH [lanmen.  IlpoBegeHW ca YHCIEHHM CHMYJAMM  BBPXY
HHUCKOIIApaMETpUYEeH HEJIMHEEH MOJEJ Ha Tpoludecka LMKJIoreHesa. IlpeacraBeHu ca
CaTeJIUTHU PaJapHU M300pakeHUs] Ha 00JacTU C €KCTPEMHU CTOWHOCTH Ha IUTBTHOCTTA Ha
BaJIE)KUTE.



